ABSTRACT. In the present paper we provide a description of complete Calabi-Yau metrics on the canonical bundle of generalized complex flag manifolds. By means of Lie theory we give an explicit description of complete Ricci-flat Kähler metrics obtained through the Calabi ansatz technique. We use this approach to provide several explicit examples of noncompact complete Calabi-Yau manifolds, these examples include canonical bundles of non-toric flag manifolds (e.g. Grassmann manifolds and full flag manifolds).
INTRODUCTION
In this paper we present a complete description of how to construct complete Ricciflat Kähler metrics on the canonical line bundle of complex flag manifolds. The main tool which we apply in the context of complex flag manifolds is the Calabi ansatz technique [4] , which provides a constructive method to obtain Kähler-Einstein metrics on total spaces of holomorphic vector bundles over Kähler-Einstein manifolds. The basic idea in Calabi's construction is to use the Hermitian vector bundle structure over a Kähler-Einstein manifold to reduce the Kähler-Einstein condition, which is generally a Monge-Ampère equation, to an ordinary differential equation [17] .
A big family of well known examples of Calabi-Yau metrics provided by Calabi's technique are obtained in the setting of toric Fano manifolds (see for instance [1] , [16] ). This family includes complex projective spaces, which are also examples of flag manifolds.
Our main motivation for studying Calabi's construction in the setting of flag manifolds is the possibility of using the algebraic background which underlies this class of homogeneous spaces (semi-simple Lie theory, representation theory, etc.) to provide some explicitly description of geometric structures, in this case Calabi-Yau structures.
One of the most well known examples on which the construction of Ricci-flat Kähler metrics and scalar flat metrics has been widely studied is given by the total space
where k > 0, and on its disk bundle D(−k) ⊂ O(−k) (see for instance [1] , [19] , [20] ).
Since CP n defines an example of toric manifold which is also a flag manifold, it deserves a special attention.
For the canonical bundle K CP n = O(−n − 1) the toric geometry which underlies CP n allows us to describe c 1 (CP n ) by means of combinatorial elements (Polytope facets [1] , [12] ). Therefore, we have a suitable description for all elements involved in Calabi's construction, namely, curvature and connection forms on K CP n , and Kähler-Einsten metric (Fubini-Study) on CP n .
It is worth to point out that the same ideas briefly described above for K CP n also can be applied in the general setting of canonical line bundles of toric Kähler-Einstein Fano manifolds [16] .
In general complex flag manifolds are not toric manifolds, thus we do not have a combinatorial data to describe the geometric structures involved in Calabi's method. However, in this work we show how to overcome this problem by using elements of representation theory of simple Lie algebras. The key point in our approach is to employ elements of Lie theory to describe the local potential which defines the first Chern class c 1 (X P ) for an arbitrary complex flag manifold X P = G C /P . This description allows us to make explicit computations for Calabi-Yau metrics which can be constructed on the total space K X P = det(T * X P ) over X P .
The main result which we establish in this work is the following (see Section 2.2 for details): Theorem 1. Let (X P , ω X P ) be a complex flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C , such that dim C (X P ) = n. Then, the total space K X P admits a complete The idea of the proof of the above theorem is to combine the Calabi ansatz technique [4] with the description of quasi-potentials for invariant Kähler metrics on flag manifolds provided by Azad and Biswas in [3] . By means of this idea we can describe explicit examples of complete Calabi-Yau metrics. In this way, besides recovering many well known results related to X P = CP n (which are obtained from different methods), we also establish a new class of examples in the context of non-toric flag manifolds. This paper is organized as follows: In Section 2, we introduce the basic notation and results concerned with Chern classes of holomorphic line bundles over flag manifolds, then after that we prove Theorem 1. In Section 3, as an application of Theorem 1 we provide explicit examples of complete Calabi-Yau metrics on the total space of the canonical bundle for a huge class of complex flag manifolds, including Grassmann manifolds, Wallach's flag manifolds, partial flag manifolds and full flag manifolds of classical Lie groups SL(n, C), SO(n, C) and Sp(2n, C).
Ricci-flat Kähler metric with Kähler form given by
In Section 4, we discuss some questions which arise when we try to apply Theorem 1 in the setting of complex flag manifolds associated to exceptional Lie groups. These manifolds include the complex Cayley plane and the Freudenthal variety.
2. CALABI-YAU METRICS ON THE CANONICAL BUNDLE OF FLAG MANIFOLDS 2.1. Preliminary results: line bundles over flag manifolds. The results which we will cover in this subsection can be found in [3] and [5, Appendix D.1] .
Let g C be a complex simple Lie algebra, by fixing a Cartan subalgebra h and a simple root system Σ ⊂ h * , we have a decomposition of g C given by
where n − = α∈Π − g α and n + = α∈Π + g α , here we denote by Π = Π + ∪ Π − the root system associated to the simple root system Σ = {α 1 , . . . , α l } ⊂ h * . We also denote by κ the Cartan-Killing form of g
from this we have the fundamental weights {ω α | α ∈ Σ} ⊂ h * , where ω α (h
From the representation theory of semi-simple Lie algebras, given µ ∈ Λ * Z ≥0
we have an irreducible g C -module V (µ) with highest weight µ, we denote by v + µ ∈ V (µ) the highest weight vector associated to µ ∈ Λ * Z ≥0
.
Let G C be a connected, simply connected and complex Lie group with simple Lie algebra g C , and consider G ⊂ G C as being a compact real form for G C . Given a parabolic subgroup P ⊂ G C , without loss of generality, we can suppose
By definition we have
For our purpose it will be useful to consider the following basic subgroups
For each element in the above chain of subgroups we have the following characterization
Associated to the above data we will be concerned to study the complex generalized flag manifold
The following Theorem allows us to describe all G-invariant Kähler structures on X P Theorem 2.1 (Azad-Biswas, [3] ). Let ω ∈ Ω (1,1) (X P ) G be a closed invariant real (1, 1)-form, then we have
where π :
with c α ∈ R ≥0 , ∀α ∈ Σ\Θ. Conversely, every function ϕ as above defines a closed invariant
Remark 2.2. It is worth to point out that the norm || · || in the above Theorem is a norm induced by a fixed G-invariant inner product on V (ω α ), ∀α ∈ Σ\Θ.
Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . According to the above Theorem, by taking a fundamental weight ω α ∈ Λ * Z ≥0
such that α ∈ Σ\Θ, we can associate to this weight a closed real G-invariant
Since each ω α ∈ Λ * Z ≥0
is an integral dominant weight, we can associate to it a holo-
Given a parabolic subgroup P ⊂ G C , we can take an extension χ ω α : P → C × and define a holomorphic line bundle
as a vector bundle associated to the P -principal bundle
Remark 2.3. In the above description we consider C −ω α as a P -space with the action pz = χ ω α (p) −1 z, ∀p ∈ P and ∀z ∈ C. Therefore, in terms ofČ ech cocycle, if we consider an open cover X P = i ∈I U i and
The next results provide a complete description of holomorphic line bundles over complex flag manifolds Proposition 2.4. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . Then for every fundamental weight ω α ∈ Λ * Z ≥0
, such that α ∈ Σ\Θ, we have
Proposition 2.5. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . Then we have
An important holomorphic line bundle to be considered over X P in our approach is its anticanonical bundle
here we suppose dim C (X P ) = n. In the context of complex flag manifolds the anticanonical line bundle can be described as follows: consider the identification
where x 0 = eP ∈ X P . We have the following characterization for T (1, 0) 
here we observe that the twisted product on the right side above is obtained from the isotropy representation Ad : P → GL(m) as an associated holomorphic vector bundle.
Let us define δ P ∈ h * by
a straightforward computation shows that
from this we have the following result Proposition 2.6. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C , then we have
The above result allows us to write
see Remark 2.3. Moreover, since the holomorphic character associated to δ P can be written as
we have the following characterization
From Proposition 2.5 and Proposition 2.6 we have the following corollary: Corollary 2.7. The Chern class of −K X P is given by
Remark 2.8. In order to do some local computations it will be convenient for us to consider the open set defined by the "opposite" big cell in X P . This open set is a distinguished coordinate neighbourhood U ⊂ X P of x 0 = eP ∈ X P defined by the maximal Schubert cell. A brief description for the opposite big cell can be done as follows. Let Π = Π + ∪ Π + be the root system associated to the simple root system Σ ⊂ h * , from this we can define the opposite big cell U ⊂ X P by Proposition 2.9. Let X P be a complex flag manifold associated to some parabolic sub-
is the highest weight vector associated to the fundamental weight ω α , for each α ∈ Σ\Θ.
Remark 2.10. By "completely determined" we mean that for every locally defined smooth section s U : U ⊂ X P → G C , we have [3] for details.
By means of the above local description we can take a Hermitian structure H on K X P defined as follows. Consider an open cover X P = i ∈I U i which trivializes both P → G C → X P and K X P → X P . Now, take a collection of local sections (s i ) i ∈I , such that
we have used that s j = s i ψ i j on U i ∩ U j = , and pv
, for every p ∈ P and α ∈ Σ\Θ. From the above collection of smooth functions we can define a Hermitian structure H on K X P by taking on each trivialization φ i :
The above Hermitian structure induces a Chern con-
Notice that c 1 ( 
Remark 2.12. Let us give an outline of the proof of Theorem 2.11, the details of the ideas which we describe below can be found in [5, Appendix D.2] . Under the hypotheses of Theorem 2.11, consider ω X as being a Kähler-Einstein metric on X which satisfies Ric(ω X ) = t ω X , t > 0, and take a Chern connection (
, and ∇ξ ∧ ∇ξ is a (1, 1)-form obtained by gluing ∇ξ| U ∧ ∇ξ| U , where
Now, let us briefly describe the main steps in the proof of Theorem 2.11:
(1) If f > 0 and f > 0 =⇒ ω 0 is a positive (1, 1)-form. Furthermore, It is straightforward to check that (locally) ω 0 = d η, where
thus we have that ω 0 defines a Kähler form;
notice that locally we have θ = ξ U σ U and Ω = d ξ U ∧ σ U , where σ U is a nonvanishing holomorphic section of K X | U . Thus, it follows that Ω = d θ defines a holomorphic volume form; (3) By considering the norm || · || ω 0 on (n+1,0) (K X ) induced by ω 0 , we have
, from the equation above we obtain the following condition
From the above facts we have that
Re ∇ξ ⊗ ∇ξ .
If we take a divergent
we have essentially two possibilities:
In the first case above the completeness of (X , g X ) shows us that γ : [0, a) → (K X , g 0 ) has infinite length. In the second case the divergence of the integral
implies that the curve γ : [0, a) → (K X , g 0 ) has infinite length on the vertical radial direction, i.e., if γ is a divergent curve on the vertical radial direction it has infinite length. Therefore, from the characterization of complete Riemannian manifolds provided by [8, p. 179, Proposition 1], it follows that g 0 is a complete Riemannian metric. Now we are able to prove our main result. Theorem 2.13. Let (X P , ω X P ) be a complex flag manifold associated to some parabolic 
where C > 0 is some positive constant and u : In order to see that Hol(∇ ω C Y ) ⊆ SU(n + 1) we observe that since K X P → X P is a vector bundle, it follows that K X P has the same homotopy type of X P . Once X P is simply connected, we have that K X P is also simply connected. Hence, we have 
the above Kähler form is completely determined by the quasipotential
Since on the open set U ⊂ X P we have ω
From Remark 2.12 we have
In fact, if we take the Hermitian structure on K X P defined by the collection of functions (q i ) i ∈I as in 2.3, namely
•s U , thus we obtain
. Hence, the Kähler form ω C Y is (locally) determined by the forms
Thus, the Ricci-flat structure defined by ω C Y can be completely described by means of the quasi-potential ϕ : G C → R, from these we have the desired result.
One of the most important feature of the above Theorem is that it allows us to assign to each subset Θ ⊂ Σ a complete noncompact Calabi-Yau manifold for which we have the Calabi-Yau metric completely determined by elements of Lie theory.
Remark 2.14. We observe that Calabi-Yau metrics on canonical line bundles of homogeneous spaces also were studied in [14] by using different methods.
EXAMPLES OF COMPLETE NONCOMPACT CALABI-YAU MANIFOLDS VIA LIE THEORY
3.1. Warm-up examples: complex projective spaces. Now we will apply Theorem 2.13 in a more concrete situation in order to provide a huge class of examples of noncompact Calabi-Yau manifolds obtained via Calabi's technique. Despite Calabi-Yau structures on the canonical bundle of complex projective spaces are well known (for instance, via toric geometry) we provide a different approach via Lie theory. We start by describing the construction on the building block of the general setting.
Remark 3.1. Unless otherwise stated, in the examples which we will describe below we will use the conventions of [22] for the realization of classical simple Lie algebras as matrix Lie algebras. 
All the information about the above decomposition is codified in Σ = {α} and Π = {α, −α}, our set of integral dominant weights in this case is given by
We take P = B (Borel subgroup) and from this we obtain
Notice that since V (ω α ) = C 2 and v
= e 1 , it follows that over the opposite big cell 
If we take the trivializing open set U = N − x 0 ⊂ CP 1 and consider local coordinates (z, ξ)
on O(−2)| U , we have the following local expression for ω C Y :
Since this example is quite simple, let us briefly verify the Ricci-flatness condition. Consider the tautological form θ ∈ Ω (1,0) (O(−2)). If we take a nonvanishing local holomor-
On the other hand we have
here we have used σ ∧ σ = −1||σ||
Without loss of generality we can suppose σ unitary instead holomorphic, notice that the previous computation remains the same. Therefore, since ||σ||
It is worthwhile to point out that besides of rich geometric features of the metric described above, the construction of Ricci-flat metrics on O(−2) (Eguchi-Hanson metric) is also interesting for its applications in Mathematical Physics, see for instance [10] . Moreover, this manifold also defines an example of toric Calabi-Yau surface which has many applications in mirror symmetry, see for example [6] . We also point out that since SU(2) = Sp(1) the metric described above is also a hyperkähler metric.
Our next examples will be an illustration of how to compute Calabi's metric directly from Theorem 2.13. C) . We fix the Cartan subalgebra h ⊂ sl(3,C) given by the diagonal matrices whose the trace is equal zero. In this case the set of simple roots is given by
where l : diag{a 1 , . . . , a 3 } → a l , ∀l = 1, . . . , 3, and the corresponding set of positive roots is Π + = {α 1 , α 2 , α 1 + α 2 }. By taking P = P {α 2 } we have
and the quasi-potential ϕ : SL(3, C) → R is
Since V (ω α 1 ) = C 3 and v
= e 1 , on the open set defined by the opposite big cell U = B − x 0 ⊂ X P we have ω CP 2 ∈ c 1 (CP 2 ) given by
Here we have used the parameterization of U = B − x 0 ⊂ X P in complex coordinates given by the matrices
with z 1 , z 2 ∈ C, notice that the above coordinate system is obtained directly from the exponential map. It is straightforward to verify that 〈δ P , h 
for some constant C > 0. Here we consider the local coordinates (nP, ξ) ∈ O(−3)| U , thus we have for the vertical and horizontal components of the above form the following local description [7] .
The next example is a brief generalization of the description which we did above for X P = CP 2 .
Example 3.4 (Calabi-Yau metrics on O(−n − 1)). Let us briefly describe the application of Theorem 2.13 for X P = CP n . At first we recall some basic data related to the Lie algebra sl(n + 1, C). By fixing the Cartan subalgebra h ⊂ sl(n + 1, C) given by diagonal matrices whose the trace is equal zero, we have the set of simple roots given by
here l : diag{a 1 , . . . , a n+1 } → a l , ∀l = 1, . . . , n + 1. Therefore the set of positive roots is given by
In this example we consider Θ = Σ\{α 1 } and P = P Θ . Now we take the open set defined by the opposite big cell U = R u (P Θ ) − x 0 ⊂ CP n , where x 0 = eP (trivial coset) and
We remark that in this case the open set is parameterized by matrices n ∈ B − of the form
with (z 1 , . . . , z n ) ∈ C n . Notice that the above coordinate system is induced directly from the exponential map exp : Lie(R u (P )
From this we can take a local section s U : U → SL(n + 1, C), such that s U (nx 0 ) = n ∈ SL(n + 1, C). The expression of ω CP n ∈ c 1 (CP n ) over the opposite big cell is given by
Thus from Theorem 2.13 we have the following local description for the Calabi-Yau metric on K CP n = O(−n − 1):
for some constant C > 0, where ω CP n is locally described as above, and ∇ξ is locally given by
Therefore, (O(−n−1), ω C Y ) defines a complete (n+1)-dimensional noncompact CalabiYau manifold.
Remark 3.5. An important fact about the above well known examples is that the complex flag manifold CP n is also a toric manifold. Since the Kähler structure of toric manifolds are completely determined by combinatorial elements, see for example [12] , in some sense it makes the application of Calabi's technique somewhat manageable. Our point is that it is also possible to consider the underlying Lie theoretical data of CP n in order to compute the Calabi-Yau structure on its canonical line bundle O(−n − 1 
and
Proof. Since the metric
is the Ricci-flat metric provided by Calabi's technique, we can apply Theorem 2.13 to describe its local expression. Here again we consider for G C = SL(3, C) the same choice of Cartan subalgebra and conventions for the simple root system as in example 3.3. Therefore the simple root system can be described as follows
and the set of positive roots in this case is given by Π + = {α 1 , α 2 , α 1 + α 2 }. Now we fix the canonical basis {e j } for C 3 and the basis {e i ∧ e j } i < j for 2 (C 3 ).
We first observe that for W 6 = SL(3, C)/B the quasi-potential ϕ : SL(3, C) → R is given by
where V (ω α 1 ) = C 3 and V (ω α 2 ) = 2 (C 3 ), and the highest-weight vectors are, respectively, given by
= e 1 and v
In order to compute the local expression of ω W 6 ∈ c 1 (W 6 ), we take the open set defined by the opposite big cell U = B − x 0 ⊂ W 6 , on which we have coordinates
Remark 3.7. Notice that in this case the coordinates are also obtained from the exponential map. However, the coordinates z 1 , z 2 , z 3 ∈ C are defined by algebraically independent polynomials, since the number of polynomials and the number of coordinates are the same we will not specify the polynomials.
By applying Proposition 2.9 for the local section s U : U → SL(3, C) defined by s U (nB ) = n, ∀nB ∈ U , we obtain
From the Cartan matrix of sl(3,C) we have 〈δ B , h
Notice that in this case we have δ B = 2α 1 + 2α 2 . Therefore, from Theorem 2.13 we obtain a Calabi-Yau metric on K W 6 (locally) given by
for some C > 0. We take coordinates (n, ξ) ∈ K W 6 | U in order to obtain the following expressions
From these we have a noncompact complete Calabi-Yau manifold (K X B , ω C Y ) with complex dimension 4.
Complex Grassmannians.
The next result can be seen as a prototype for the application of Theorem 2.13 on Kähler manifolds defined by complex Grassmannians. 
, and (3.9)
Proof. Consider G C = SL(4, C), here we use the same choice of Cartan subalgebra and conventions for the simple root system as in the previous examples. Since our simple root system is given by
by taking Θ = Σ\{α 2 } we obtain for P = P Θ the flag manifold X P = Gr(2, C 4 ). Notice that in this case we have Pic(Gr(2,
Thus from Proposition 2.6 it follows that
By considering our Lie-theoretical conventions, we have
By means of the Cartan matrix of sl(4,C) we can compute
In what follows we will use the following notation:
for every k ∈ Z, therefore we have K Gr(2,C 4 ) = O α 2 (−4). In order to compute the local expression of ω Gr(2,C 4 ) ∈ c 1 (O α 2 (−4)), we observe that in this case the quasi-potential ϕ : SL(4, C) → R is given by
where V (ω α 2 ) = 2 (C 4 ) and v 
, and the following local expression for ω Gr(2,
Now we can apply Theorem 2.13 in order to get a Ricci-flat metric on O α 2 (−4) which is locally described by
for some constant C > 0, where ω Gr(2,C 4 ) can be written as above in 3.10 and ∇ξ is locally given by
The ideas of the above example can be easily extended to any complex Grassmannian Gr(k, C n ). Actually, by fixing the usual Lie theoretical data for the Lie algebra sl(n,C), we can describe the complete Ricci-flat metric on the total space of the canonical bundle
via Lie-theoretical objects like fundamental representations and simple root system. Notice that in the general case of complex Grassmannians we have Gr(k, C n ) = SL(n, C)/P Σ\{α k } .
3.2.3.
Full flag manifold of SL(n + 1, C). Now we describe a more general result concerned with full flag manifolds
Then the total space of the canonical bundle K X B over the complex full flag manifold X B = SL(n + 1, C)/B admits a complete Calabi-Yau metric ω C Y (locally) described by
for some positive constant C > 0, such that
Proof. Consider G C = SL(n + 1, C) and fix the same Lie-theoretical data as in example 3.4. By taking Θ = we have the complex flag manifold X B = SL(n + 1, C)/B , where B ⊂ SL(n + 1, C) is the standard Borel subgroup. By Calabi's technique and our Theorem 2.13 it follows that the metric 
. Notice that the above parameterization is induced from the exponential map, however each coordinate is represented by a polynomial, we will not specify the polynomials expressions by the same reason explained in Remark 3.7.
Given g ∈ SL(n + 1, C) we denote by
We define for each subset
and we set I 0,k = {1, 2, . . . , k}. We have
By applying Theorem 2.13 we obtain the following expression for the quasi-potential
Notice that we can also write
remember that δ B = α∈Π + α. Now by taking a local section s U : U → SL(n + 1, C), where
we obtain the following local expression
). Hence, we need to determine s * U (ϕ) in order to compute the local expression of ω X B and ω C Y . By definition of s U we have
From equation 3.12 and the functions ∆ (k) I
: SL(n + 1, C) → C we obtain
therefore we have
Now we consider local coordinates (n(z)B, ξ) ∈ K X B | U . On these coordinates we can write
, thus we obtain
From Theorem 2.13 we have ω C Y over the open set K X B | U completelly determined by the forms
It is worth to notice that we can compute 〈δ B , h
by means of the Cartan matrix of sl(n + 1, C). Sp(4, C) . Consider G C = Sp(4, C) and fix a Cartan subalgebra of sp(4,C) given by diagonal matrices whose the trace is equal zero.
Flags of symplectic group: full flag of
The simple root system in this case is given by
By choosing Θ = we have P Θ = B , and the corresponding full flag manifold X B = Sp(4, C)/B . Notice that if we consider Sp(2) ⊂ Sp(4, C) the compact real form of Sp(4, C) we have
where T 2 ⊂ Sp(2) denotes a maximal torus of Sp(2).
In order to get the basic data to describe the metric which we are interested in, we need to understand the subgroup N − = exp(n − ), since we will work on the open set
In this case, n − ⊂ sp(4,C) is given by matrices of the form
Since 
we can write
where z = (z 1 , z 2 , z 3 , z 4 ) ∈ C 4 , and p j (z) ∈ C[z], j = 1, 2, 3, are polynomials given by
It is worth to observe that different from the previous cases in this case the coordinate system provided by the exponential map has a number polynomials greater than the dimension of the big cell, see Remark 3.7. Thus we will work with the above description of coordinate functions.
By using the above computations we parameterize the set U = N − x 0 in the following way:
Other important element to consider in our description are the fundamental representations. In this case we have 
, where U (sp(4, C)) defines the enveloping algebra associated to sp(4,C).
Sp (2) in this case is given by
We denote by n − (z) = exp(Z ) ∈ N − , and consider the local section
In order to compute the above expression, let us introduce the following notation: given 1 ≤ i < j ≤ 4 we define
as being the determinant of the submatrix 2 × 2 determined by the row i and the row j of the matrix involved in the expression 3.13. This last convention allows us to write
Since the Cartan matrix C = (C i j ) of sp(4,C) is given by
by considering the set of positive roots Π + = α 1 , α 2 , α 1 + α 2 , 2α 1 + α 2 , we have δ B = 4α 1 + 3α 2 . Therefore we obtain
From this last expression we can determine ω X B | U = −1∂∂(s * U (ϕ)) and 
for some positive constant C > 0, such that The potential ϕ : SO(8, C) → R for ω X P ∈ Ω (1,1) (X P ) SO(8) is defined by
In order to compute the coefficients 〈δ P , h Since Θ = {α 3 , α 4 } it follows that From Proposition 2.6 we obtain
The Kähler form ω OP 2 ∈ c 1 (OP 2 ) can be described by means of the quasi-potential ϕ : E 6 → R given by
As in the previous examples we have (locally) ω OP 2 | U = −1∂∂(s * U (ϕ)), for some local section s U : U ⊂ OP 2 → E 6 . Therefore, we can apply Theorem 2.13 and obtain a com- 
4.2.
Freudenthal variety. Now consider G C = E 7 . As before our conventions for the Lie algebra structure are according to [22] . The Freudenthal variety is defined by the complex 27-dimensional flag manifold associated to Θ = Σ\{α 6 }, namely X P Θ = E 7 /P Θ . From Propositions 2.5 and 2.5 we have Pic(E 7 /P Θ ) = Z[η α 6 ].
Thus we obtain −K E 7 /P Θ = L ⊗〈δ P Θ ,h ∨ α 6 〉 χ ωα 6 . From these the quasi-potential ϕ : E 7 → R which defines ω E 7 /P Θ ∈ c 1 (E 7 /P Θ ) is given by ϕ(g ) = 〈δ P Θ , h 
